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DERIVED CATEGORIES AND KUMMER VARIETIES
PAOLO STELLARI
Abstrat. We prove that if two abelian varieties have equivalent derived ategories then the
derived ategories of the smooth staks assoiated to the orresponding Kummer varieties are
equivalent as well. The seond main result establishes neessary and suient onditions for the
existene of equivalenes between the twisted derived ategories of two Kummer surfaes in terms
of Hodge isometries between the generalized transendental latties of the orresponding abelian
surfaes.
1. Introdution
The Kummer variety of an abelian variety A is the quotient K(A) := A/〈ι〉, where ι(a) = −a for
any a ∈ A. The singular variety K(A) has an orbifold struture and it admits a minimal repant
resolution Km(A) if and only if the dimension of A is 2. In this ase Km(A) is a K3 surfae (i.e.
it is simply onneted and its dualizing sheaf is trivial) and it is alled the Kummer surfae of A.
More generally, we an assoiate to the global quotient K(A) the smooth quotient stak [A/〈ι〉].
In [11℄ Hosono, Lian, Oguiso and Yau proved that,
(A) given two abelian surfaes A and B, Db(A) ∼= Db(B) if and only if
Db(Km(A)) ∼= Db(Km(B)).
Their argument runs as follows: They notie that, due to the geometri onstrution of the Kummer
surfaes Km(A) and Km(B), the transendental latties of A and B are Hodge-isometri if and
only if the transendental latties of Km(A) and Km(B) are Hodge-isometri. Then, they apply a
deep result of Orlov whih says that two abelian or K3 surfaes have equivalent derived ategories
if and only if their transendental latties are Hodge-isometri (see Theorem 2.2). From this it is
evident that (A) an be reformulated in the following way:
(B) given two abelian surfaes A and B, Db(Km(A)) ∼= Db(Km(B)) if and only if there exists
a Hodge isometry between the transendental latties of A and B.
Sine Mukai proved in [20℄ that two K3 surfaes with Piard number greater than 11 and with
Hodge-isometri transendental latties are isomorphi, (A) and (B) are equivalent to the following
statement:
(C) given two abelian surfaes A and B, Db(A) ∼= Db(B) if and only if Km(A) ∼= Km(B).
The aim of this paper is to address (A), (B) and (C) in two more general ontexts. Our rst
result shows that if A1 and A2 are abelian varieties with equivalent derived ategories, then the
derived ategories of the staks [A1/〈ι〉] and [A2/〈ι〉] are equivalent as well. In fat we will prove
the following:
Theorem 1.1. Let A1 and A2 be abelian varieties. If D
b(A1) ∼= D
b(A2), then there exists a
Fourier-Mukai equivalene Db([A1/〈ι〉]) ∼= D
b([A2/〈ι〉]).
Conversely, if Db([A1/〈ι〉]) and D
b([A2/〈ι〉]) are equivalent, then there is an isomorphism of
Hodge strutures H˜(A1,Q) ∼= H˜(A2,Q).
The Hodge strutures mentioned in the seond part of the previous statement will be dened in
Setion 2.2 and the proof of this result will oupy almost all Setion 3. As we will show in Setion
3.3, when we deal with abelian surfaes this result leads to a diret proof of one impliation in (A).
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An appliation to the number of birational generalized Kummer varieties is given in Proposition
3.3.
Our seond main result treats the two-dimensional twisted ase. Indeed, aording to (B), we
prove that the twisted derived ategories of two Kummer surfaes are equivalent if and only if the
generalized transendental latties of the orresponding abelian surfaes are Hodge isometri. More
preisely the result (proved in Setions 4.1 and 4.2) is as follows:
Theorem 1.2. Let A1 and A2 be abelian surfaes. Then the following two onditions are equivalent:
(i) there exist αi in the Brauer group of Km(Ai) and an equivalene between the derived ate-
gories Db(Km(A1), α1) and D
b(Km(A2), α2);
(ii) there exist βi in the Brauer group of Ai suh that the twisted abelian surfaes (A1, β1) and
(A2, β2) have Hodge-isometri generalized transendental latties.
Furthermore, if one of these two equivalent onditions holds true, then A1 and A2 are isogenous.
The notations an denitions involved in the formulation of the previous result will be explained
in Setions 2.2 and 4.1. We will observe that the analogues of (A) and (C) in the twisted setting are
no longer true (see Remark 4.4). Nevertheless we ompletely generalize the results in [11℄ about the
number of Kummer strutures on K3 surfaes in the twisted ontext (Proposition 4.5). A geometri
example involving abelian surfaes with Piard number two is disussed.
2. Derived ategories of abelian varieties and K3 surfaes
In this setion we reall some fats and denitions onerning the derived ategories of oherent
sheaves on abelian varieties and K3 surfaes. In the following pages Db(X) will always mean the
bounded derived ategory of oherent sheaves on the smooth projetive variety X (we will also use
the same notation for the bounded derived ategory of oherent sheaves on a smooth quotient stak
aording to [16℄).
Suppose thatX1 andX2 are smooth projetive varieties. Let D
b(X1) and D
b(X2) be the bounded
derived ategories of oherent sheaves on X1 and X2. Orlov proved in [25℄ that any equivalene
Φ : Db(X1) → D
b(X2) is a Fourier-Mukai equivalene, i.e. there exists E ∈ D
b(X1 ×X2) and an
isomorphism of funtors
Φ ∼= Rp2∗(E
L
⊗ p∗1(−)),(2.1)
where pi : X1×X2 → Xi is the projetion and i ∈ {1, 2} (see also [6℄ for a more general statement).
The omplex E is the kernel of Φ and it is uniquely (up to isomorphism) determined. We write ΦE
for a Fourier-Mukai equivalene whose kernel is E . In general, given E ∈ Db(X1 ×X2), we write
ΦE for a funtor dened as in (2.1) (notie that ΦE is not neessarily an equivalene).
2.1. Derived ategories of abelian varieties. Assume that A1 and A2 are abelian varieties of
dimension d. For i ∈ {1, 2}, let Pi be the Poiaré line bundle on Ai×Âi, let µi : Ai×Ai → Ai×Ai be
the isomorphism suh that (a, b) 7→ (a+b, b) and let Φi := µi∗◦(id×ΦPi). If ΦE : D
b(A1)→ D
b(A2)
is a Fourier-Mukai equivalene with kernel E , we get the following ommutative diagram:
Db(A1 × Â1)
id×ΦP1
''PP
PP
PP
PP
PP
PP
FE //
Φ1

Db(A2 × Â2)
id×ΦP2
vvnnn
nn
nn
nn
nn
n
Φ2

Db(A1 ×A1)
µ1∗
vvnnn
nn
nn
nn
nn
n
Db(A2 ×A2)
µ2∗
((PP
PP
PP
PP
PP
PP
Db(A1 ×A1)
ΦE×ΦER // Db(A2 ×A2),
(2.2)
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where FE is the funtor ompleting the diagram, ER = E
∨[d] and ΦE × ΦER is the Fourier-Mukai
equivalene whose kernel is E ⊠ ER. Observe that sine ΦE , Φ1 and Φ2 are equivalenes, ΦE ×ΦER
and FE are equivalenes as well.
For i ∈ {1, 2}, the Künneth formula yields a deomposition
H1(Ai × Âi,Z) ∼= H1(Ai,Z)⊕H1(Âi,Z).
Sine H1(Âi,Z) ∼= H1(Ai,Z)
∨
, the group H1(Ai× Âi,Z) is endowed with a natural quadrati form.
Indeed, if (a1, α1), (a2, α2) ∈ H1(Ai × Âi,Z), we dene
〈(a1, α1), (a2, α2)〉i := α1(a2) + α2(a1),
where i ∈ {1, 2}. Consider the set of isomorphisms
U(A1, A2) := {f ∈ Isom(A1 × Â1, A2 × Â2) : 〈f∗(a1, α1), f∗(a2, α2)〉2 = 〈(a1, α1), (a2, α2)〉1}.
Theorem 2.1. ([26℄, Theorem 2.19 and Proposition 4.12.) Let A1 and A2 be abelian varieties.
If ΦE : D
b(A1)→ D
b(A2) is an equivalene, then, for any F ∈ D
b(A1),
FE(F) = fE ∗(F) ⊗NE ,
where FE is the equivalene in (2.2), fE ∈ U(A1, A2) and NE ∈ Pic(A2 × Â2). Moreover, there
exists a surjetive map
γ : Eq(Db(A1),D
b(A2)) −→ U(A1, A2)(2.3)
suh that γ(ΦE) = fE , where Eq(D
b(A1),D
b(A2)) is the set of equivalenes between D
b(A1) and
Db(A2).
2.2. Hodge strutures and derived ategories. IfX is a smooth projetive variety of dimension
d, we denote by H˜(X,Q) the even ohomology group H2∗(X,Q) with the weight-d Hodge struture
dened as follows:
H˜p,q(X) =
⊕
p−q=r−s
Hr,s(X),(2.4)
where Hr,s(X) is the (r, s)-part of the usual Hodge deomposition of Hr+s(X,C) ⊂ H2∗(X,C).
An equivalent way to put on H∗(X,C) suh a Hodge struture ould be obtained onsidering the
natural grading on the Hohshild homology of X (see, for example, [5℄).
Suppose now that X is either an abelian or a K3 surfae, H2,0(X) = 〈σX〉 and B is any lass in
H2(X,Q). Then
ϕ := exp(B)(σX) = σX +B ∧ σX ∈ H
2(X,C)⊕H4(X,C)
is a generalized Calabi-Yau struture on X (for a omplete piture see [12℄). Let T (X,B) be the
minimal primitive sublattie of H2(X,Z) ⊕ H4(X,Z) suh that ϕ ∈ T (X,B) ⊗ C. The lattie
T (X,B) is the generalized transendental lattie of ϕ (see [12℄ and [14℄). Let H˜(X,Z) be the
Z-module H0(X,Z) ⊕H2(X,Z)⊕H4(X,Z) endowed with the Mukai pairing
〈(a0, a2, a4), (b0, b2, b4)〉 = a2 · b2 − a0 · b4 − a4 · b0,
where (a0, a2, a4), (b0, b2, b4) ∈ H
2∗(X,Z) and  · is the up-produt. We write H˜(X,B,Z) for the
lattie H˜(X,Z) with the weight-two Hodge struture suh that
H˜2,0(X,B) := exp(B)(H˜2,0(X))
and H˜1,1(X,B) is its orthogonal omplement in H2(X,C). It is lear that T (X,B) inherits from
H˜(X,B,Z) a weight-two Hodge struture. By denition, T (X) = T (X, 0) is the transendental
lattie of X and
NS(X) := T (X)⊥ ⊂ H2(X,Z)
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is the Néron-Severi group of X. The number ρ(X) := rkNS(X) is the Piard number of X. If L1
and L2 are latties endowed with a weight-k Hodge struture, then an isometry f : L1 → L2 is a
Hodge isometry if it preserves the Hodge strutures.
For abelian and K3 surfaes, Orlov proved in [25℄ (using results in [20℄) the following theorem:
Theorem 2.2. ([25℄, Theorem 3.3.) Let X1 and X2 be either abelian or K3 surfaes. Then the
following two onditions are equivalent:
(i) there exists an equivalene Db(X1) ∼= D
b(X2);
(ii) there exists a Hodge isometry T (X1) ∼= T (X2).
3. Derived ategories of the smooth staks
This setion is mainly devoted to the proof of Theorem 1.1. As it will turn out, suh a proof,
whih will be given in Setion 3.2, relies on some results about the equivariant derived ategories
of oherent sheaves on abelian varieties proved in Setion 3.1. In Setion 3.3 some geometri
appliations are disussed.
3.1. Equivariant derived ategories and abelian varieties. Consider the simple ase of an
abelian variety A with the ation of G := Z/2Z indued by the automorphism ι : A→ A suh that
ι(a) = −a, for any a ∈ A. A G-linearization for a oherent sheaf E ∈ Coh(A) is an isomorphism
λ : E → ι∗E suh that ι∗(λ) = λ and ι∗(λ) ◦ λ = λ ◦ λ = id.
Coh
G(A) is the abelian ategory whose objets are the pairs (E , λ), where E ∈ Coh(A) admits
a G-linearization and λ is a G-linearization for E . The morphisms in CohG(A) are the morphisms
in Coh(A) ompatible with the G-linearizations. We dene DbG(A) := D
b(CohG(A)) to be the
bounded derived ategory of Coh
G(A). A omplete disussion about the general ase when G is
any nite group ating on a smooth projetive variety an be found in [2℄.
If A1 and A2 are abelian varieties and G∆ ∼= Z/2Z ats on A1 ×A2 via the automorphism ι× ι,
the set of G∆-invariant equivalenes has the following desription:
Eq(Db(A1),D
b(A2))
G∆ = {ΦG ∈ Eq(D
b(A1),D
b(A2)) : G ∈ D
b(A1 ×A2) is G∆-invariant}.
An equivalene Φ : DbG(A1)
∼= DbG(A2) is a Fourier-Mukai equivalene if there is an isomorphism as
in (2.1), where the kernel E is in DbG×G(A1 ×A2). Eq(D
b
G(A1),D
b
G(A2)) is the set whose elements
are the equivalenes of this type.
Proposition 3.1. Let A1 and A2 be abelian varieties and let G = Z/2Z at on A1 and A2 as
above. Then the restrition
γ : Eq(Db(A1),D
b(A2))
G∆ −→ U(A1, A2)
of the map in (2.3) is surjetive and Eq(DbG(A1),D
b
G(A2)) is non-empty if U(A1, A2) is non-empty.
Proof. By denition, we an think of any f ∈ U(A1, A2) as represented by a matrix(
xf yf
zf wf
)
.
Dene S(A1, A2) := {f ∈ U(A1, A2) : yf is an isogeny} and let f ∈ S(A1, A2). Using results from
[19℄, Orlov proved in [26℄ (see, in partiular, [26, Prop. 4.12℄) that there exists a vetor bundle E
on A1 ×A2 with the following properties:
(a) E is simple and ΦE is an equivalene;
(b) for any (a, b) ∈ A1 × A2, if T(a,b) is the translation with respet to the point (a, b), then
T(a,b)∗E ∼= E ⊗ P for some P ∈ Pic
0(A1 ×A2);
() γ(ΦE) = f .
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Consider now the sheaf F := (ι× ι)∗E . It is lear that γ(ΦF ) = γ(ΦE) = f .
For a brief proof of this fat, onsider the maps Φi, ΦPi and µi in (2.2). A straightforward
alulation shows that (ι × ι)∗Pi ∼= Pi. Moreover, µi is a morphism of abelian varieties. Hene
(ι × ι)∗ ◦ (id × ΦPi) ◦ (ι × ι)
∗ = id × ΦPi and (ι × ι)
∗ ◦ µi∗ ◦ (ι × ι)
∗ = µi∗. This implies that
(ι× ι)∗ ◦Φi ◦ (ι× ι)
∗ = Φi, for i ∈ {1, 2}. Sine ΦF = ι
∗ ◦ΦE ◦ ι
∗
and ΦF ×ΦFR = (ι× ι)
∗ ◦ (ΦE ×
ΦER) ◦ (ι× ι)
∗
, we rewrite the ommutative diagram (2.2) in the following way:
Db(A1 × Â1)
Φ1

(ι×ι)∗
//
FF
++
Db(A1 × Â1)
Φ1

FE // Db(A2 × Â2)
Φ2

(ι×ι)∗
// Db(A2 × Â2)
Φ2

Db(A1 ×A1)
(ι×ι)∗
//
ΦF×ΦFR
33
Db(A1 ×A1)
ΦE×ΦER// Db(A2 ×A2)
(ι×ι)∗
// Db(A2 ×A2).
(3.1)
By Theorem 2.1, for any G ∈ Db(A1 × Â1), FF (G) = fF∗(G) ⊗NF , for some fF ∈ U(A1, A2) and
NF ∈ Pic(A2 × Â2). Hene, from (3.1) we dedue that
FF (G) = ((ι× ι)
∗ ◦ FE ◦ (ι× ι)
∗)(G)
= ((ι× ι)∗ ◦ fE∗ ◦ (ι× ι)
∗)(G) ⊗M
= fE∗(G) ⊗M,
for some M ∈ Pic(A2× Â2). Observe that the last equality holds true beause fE is a morphism of
abelian varieties. This proves that γ(ΦF ) = γ(ι
∗ ◦ΦE ◦ ι
∗) = γ(ΦE) whih is what we laimed.
Due to this last remark and to [26, Cor. 3.4℄, there exist a ∈ A1 and α ∈ Â1 suh that
F = T(a,0)∗E ⊗ p
∗Pα[i],(3.2)
where p : A1 ×A2 → A1 is the projetion, i is an integer and Pα is the degree zero line bundle on
A1 orresponding to α. In the following arguments, without loss of generality, we will forget about
the shift [i] in (3.2).
Sine E satises (b), from (3.2) we get F = E ⊗ Q, where Q is a degree zero line bundle on
A1 × A2. Let N ∈ Pic
0(A1 × A2) be suh that N
2 = Q and onsider the sheaf Ef := E ⊗N . It is
easy to see that
(ι× ι)∗(Ef ) = (ι× ι)
∗(E ⊗N)
∼= E ⊗Q⊗N∨
∼= E ⊗N
= Ef .
Due to [26, Prop. 3.3℄ and to (), γ(ΦEf ) = γ(ΦE) = f .
Let f ∈ U(A1, A2). Orlov observed in [26, Set. 4℄ that there exist g1 ∈ S(A1, A2) and g2 ∈
S(A2, A2) suh that f = g2 ◦ g1. From its very denition, the map γ in Theorem 2.1 preserves the
ompositions. Hene γ restrits to a surjetive map γ : Eq(Db(A1),D
b(A2))
G∆ → U(A1, A2).
To prove the seond laim in Proposition 3.1, onsider the set
Ker(A1, A2, G∆) := {(G, λ) ∈ D
b
G∆
(A1 ×A2) : ΦG ∈ Eq(D
b(A1),D
b(A2))}.
Sine the group ohomology H2(Z/2Z,C∗) is trivial, [27, Thm. 6℄ shows the existene of two maps
ψ1 : Ker(A1, A2, G∆) −→ Eq(D
b(A1),D
b(A2))
G∆
ψ2 : Ker(A1, A2, G∆) −→ Eq(D
b
G(A1),D
b
G(A2))
suh that, for any (G, λ) ∈ Ker(A1, A2, G∆), ψ1((G, λ)) = ΦG and ψ2((G, λ)) = ΦH, where H :=
(G ⊕ (ι, id)∗G, λ′) and λ′ is the natural (G×G)-linearization indued by λ.
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We previously proved that for any f ∈ S(A1, A2), there exists ΦEf ∈ Eq(D
b(A1),D
b(A2))
G∆
suh that γ(ΦEf ) = f . From [27℄ it follows that ψ1 is surjetive and that the set Ker(A1, A2, G∆)
is non-empty if Eq(Db(A1),D
b(A2))
G∆
is non-empty. Hene, there exists Ψf ∈ Ker(A1, A2, G∆)
suh that ψ1(Ψf ) = ΦEf . The funtor ψ2(Ψf ) is in Eq(D
b
G(A1),D
b
G(A2)). 
The speial ase A1 = A2 is also treated in [27℄.
3.2. Proof of Theorem 1.1. Let A1 and A2 be abelian varieties and suppose that D
b(A1) ∼=
Db(A2). Due to Theorem 2.1, the set U(A1, A2) is non-empty. Therefore, if G = Z/2Z ats on A1
and A2 as presribed at the beginning of Setion 3.1, then Proposition 3.1 yields an equivalene
Ψ : DbG(A1)
∼
−→ DbG(A2).
Consider the staks [A1/G] and [A2/G] (see [9℄ and [16℄). For any i ∈ {1, 2}, let D
b([Ai/G]) be
the bounded derived ategory of the abelian ategory Coh([Ai/G]) of oherent sheaves on [Ai/G]
(see [16℄). Obviously Db([Ai/G]) ∼= D
b
G(Ai), beause Coh([Ai/G])
∼= CohG(Ai), for any i ∈ {1, 2}.
This implies that Ψ an be rewritten as Φ : Db([A1/G])
∼
−→ Db([A2/G]). Due to [16℄, Φ is of
Fourier-Mukai type (i.e. there is an isomorphism as in (2.1)). Hene, the rst part of Theorem 1.1
is proved.
Assume that an equivalene Φ : Db([A1/G])
∼
−→ Db([A2/G]) is given. As before, the results in [16℄
imply that we an think of Φ as a Fourier-Mukai equivalene whose kernel is a (G×G)-linearized
omplex (E , λ). Obviously, the inverse Φ−1 is a Fourier-Mukai equivalene as well. Suppose that
its kernel is (F , λ′). It is an easy exerise to show that the kernel of the identity funtor id =
Φ ◦ Φ−1 : DbG(Ai) → D
b
G(Ai) is the (G × G)-linearized sheaf (O∆ ⊕ (ι, id)
∗O∆, µ), where µ is the
natural linearization and ∆ →֒ Ai ×Ai is the diagonal embedding.
Consider the funtors ΦE , ΦF and ΦO∆⊕(ι,id)∗O∆ . Although they are no longer equivalenes, they
indue the ommutative diagram
Db(A1)
ch

ΦE //
ΦO∆⊕(ι,id)∗O∆
((
Db(A2)
ch

ΦF // Db(A1)
ch

H2∗(A1,Q)
ΦH
E //
ΦH
O∆⊕(ι,id)
∗O∆
66
H2∗(A2,Q)
ΦH
F // H2∗(A1,Q),
(3.3)
where ΦHE : H
2∗(A1,Q)→ H
2∗(A2,Q) is suh that Φ
H
E (a) = p2∗(ch(E)·p
∗
1(a)) and pi : A1×A2 → Ai
is the projetion. Take analogous denitions for ΦHF and Φ
H
O∆⊕(ι,id)∗O∆
.
Observe that (ι, id)∗O∆ is the kernel of the Fourier-Mukai equivalene ι
∗ : Db(Ai)
∼
−→ Db(Ai).
Sine ι∗ ats as the identity on the ohomology lattie H˜(Ai,Z), from (3.3) we dedue
ΦHF ◦ Φ
H
E = (ΦO∆⊕(ι,id)∗O∆)
H = 2id.
Hene ΦHE is injetive. Exhanging the roles of ΦE and ΦF in (3.3), we see that Φ
H
E is an isomorphism
of Q-vetor spaes. In partiular, dim(A1) = dim(A2) = n.
The fat that the Hodge strutures dened in (2.4) are preserved follows from the standard
argument for Fourier-Mukai equivalenes (see [13, Prop. 5.39℄). Indeed, one just needs to observe
that ch(E) ∈ H˜2n,2n(A1 ×A2). This onludes the proof of Theorem 1.1.
Remark 3.2. Of ourse, in general, ΦHE does not preserve the Mukai pairing naturally dened on
H2∗(Ai,Q) by means of the up produt ([13, Chapter 5℄). Indeed, it is easy to see that the Mukai
pairing is preserved up to a fator 2.
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3.3. Geometri appliations. Assume that A1 and A2 are abelian surfaes. The main result
in [2℄ yields an equivalene Ψi : D
b([Ai/〈ι〉])
∼
−→ Db(Km(Ai)), for any i ∈ {1, 2}. Thus, if Υ :
Db(A1)
∼
−→ Db(A2) is a Fourier-Mukai equivalene, we immediately get a seond Fourier-Mukai
equivalene
Φ : Db(Km(A1))
Ψ−11−→ Db([A1/〈ι〉])
∼
−→ Db([A2/〈ι〉])
Ψ2−→ Db(Km(A2)),(3.4)
where the middle equivalene is produed by Theorem 1.1 and the kernel of Φ an be easily om-
puted using [2℄. This leads to a dierent and expliit proof of the only if impliation in (A)
without using the lattie theoretial desription of the transendental latties of an abelian surfae
and of the assoiated Kummer surfae.
Let us disuss a seond geometri appliation. Assume that A is an abelian surfae. We denote
by Kn(A) the n-th generalized Kummer variety of A. Realling the onstrution in [1℄, we see that
Kn(A) is the ber over 0 with respet to the map Ψ whih is the omposition of the morphisms in
the following diagram:
Ψ : Hilbn+1(A)
ρ
−→ Symn+1(A)
σ
−→ A,
where ρ is the Hilbert-Chow morphism and σ(a1, . . . , an+1) = a1 + . . . + an+1. It is easy to see
that Kn(A) is smooth and that K1(A) = Km(A). Furthermore, in [1℄ Beauville proved that these
varieties are examples of irreduible sympleti manifolds.
Proposition 3.3. Let A be an abelian surfae and let n ≥ 2 be an integer. The number of
generalized Kummer varieties Kn(B) birational to Kn(A) is nite up to isomorphisms. Moreover
if Kn(A) and Kn(B) are birational, then Km(A) ∼= Km(B) and A and B are isogenous.
Proof. Let A1 and A2 be abelian surfaes and let ϕ be a birational morphism between K
n(A1) and
Kn(A2). Obviously, ϕ indues an isomorphism g : H
2(Kn(A1),Z)
∼
−→ H2(Kn(A2),Z). Furthermore,
there exists an isometry of latties H2(Kn(Ai),Z)
∼
−→ H2(Ai,Z)⊕Z[Ei], where Ei is the restrition
to Kn(A) of the exeptional lous of Hilbn+1(Ai). The left hand side of the isomorphism is endowed
with the Beauville-Bogomolov form while the quadrati form on H2(Ai,Z) is the up-produt (see
[1, Lemma 4.10℄ and [30, Prop. 4.11℄).
Sine E1 and E2 are algebrai, g yields an isomorphism T (A1) ∼= T (A2). Using Theorem 2.2,
we get an equivalene Db(A1) ∼= D
b(A2). To prove that A1 is isogenous to A2 observe that if
Db(A1) ∼= D
b(A2), then A1 × Â1 ∼= A2 × Â2 (Theorem 2.1). Hene A1 × A1 and A2 × A2 are
isogenous and A1 and A2 are isogenous as well. On the other hand, as there are only nitely many
isomorphism lasses of abelian surfaesA suh that Db(A) ∼= Db(A1) (see [3, Prop. 5.3℄), the number
of generalized Kummer varietiesKn(A2) birational toK
n(A1) is nite up to isomorphism. Moreover,
Theorem 1.1 yields an equivalene Db([A1/〈ι〉]) ∼= D
b([A2/〈ι〉]). Due to (3.4) and Theorem 1.1,
Db(Km(A)) ∼= Db(Km(B)) and then Km(A) ∼= Km(B) (see [20℄). 
An analogous result for Hilbert shemes of points on K3 surfaes was proved in [27℄.
Remark 3.4. Observe that, in general, if A and B are abelian surfaes suh that Km(A) ∼= Km(B),
then Kn(A) and Kn(B) are not neessarily birational. Indeed, onsider an abelian surfae A suh
that A 6∼= Â and NS(A) = 〈H〉 with H2 = 6. Obviously Db(A) ∼= Db(Â). Due to Theorem 1.1,
Db(Km(A)) ∼= Db(Km(Â)) and Km(A) ∼= Km(Â) ([20℄). On the other hand, Namikawa ([21, Set.
5℄) proved that K2(A) and K2(Â) are not birational.
Furthermore, Example 4.3 yields very expliit examples of isogenous abelian surfaes A and B
suh that Db(A) 6∼= Db(B). In partiular Km(A) 6∼= Km(B) and Kn(A) is not birational to Kn(B)
for any positive integer n.
8 PAOLO STELLARI
4. Derived ategories of twisted Kummer surfaes
In this setion we prove Theorem 1.2 whih relates the existene of equivalenes between the
twisted derived ategories of two Kummer surfaes and the existene of Hodge isometries between
the generalized transendental latties of the orresponding abelian surfaes. More preisely, in
Setion 4.1 we introdue the Brauer group of smooth projetive varieties and we prove a preliminary
result (Lemma 4.1) whih will be used in the proof of Theorem 1.2 ontained in Setion 4.2. We
also disuss a geometri example and an appliation to the problem of determining the number of
possible twisted Kummer strutures on a twisted K3 surfae (respetively in Setions 4.3 and 4.4).
4.1. Brauer groups and twisted sheaves. Reall that the Brauer group Br(X) of a smooth
projetive variety X is the torsion part of H2(X,O∗X ) in the analyti topology (or, equivalently,
H2e´t(X,O
∗
X ) in the étale topology) (see [4, 7℄).
Assume that X is either a K3 or an abelian surfae. It is known that any α ∈ Br(X) is
determined (not uniquely) by some B ∈ H2(X,Q) (see Chapter 1 of [4℄ for the ase of K3 surfaes
and use a similar argument to deal with abelian surfaes). This follows from the fat that H2(X,Z)
is unimodular and H1(X,Z) is torsion free. More preisely, we dedue the existene of natural
isomorphisms Br(X) ∼= T (X)∨ ⊗ Q/Z ∼= Hom(T (X),Q/Z) and for any t ∈ T (X), α : t 7−→ t · B
(mod Z), where  · is the up-produt. From this we get a surjetive map
κX : H
2(X,Q) −→ Br(X).
Lemma 4.1. If A is an abelian surfae, there exists an isomorphism ΘA : Br(A)→ Br(Km(A)).
Proof. The K3 surfae Km(A) is the repant resolution of K(A) = A/〈ι〉. Hene there exists a
rational map π : A 99K Km(A). Furthermore, as it was observed in Remark 2 of [22℄ (see also [17,
Set. 4℄), the homomorphism π∗ indues a Hodge isometry
π∗ : T (A)(2) −→ T (Km(A)).(4.1)
(Reall that, given a lattie L with quadrati form bL, the lattie L(m), with m ∈ Z, oinides with
L as a group but its quadrati form bL(m) is suh that bL(m)(l1, l2) = mbL(l1, l2), for any l1, l2 ∈ L.)
In partiular, we get a natural morphism Ξ : H2(A,Q)→ T (Km(A)) ⊗Q dened by
Ξ : B 7−→
π∗(p(B))
2
,(4.2)
where p : H2(A,Q) → T (A) ⊗ Q is the orthogonal projetion. This yields a morphism ΘA :
Br(A) −→ Br(Km(A)) of Brauer groups dened by the ommutative diagram
H2(A,Q)
Ξ //
κA

T (Km(A)) ⊗Q
κKm(A)

Br(A)
ΘA // Br(Km(A)).
(4.3)
Observe that ΘA is well-dened beause, obviously, the restrition κKm(A)|T (Km(A))⊗Q is still sur-
jetive. An easy hek then shows that ΘA is an isomorphism. 
Any α ∈ Br(X) an be represented by a eh 2-oyle on an analyti over {Ui}i∈I of X using
setions αijk ∈ Γ(Ui ∩ Uj ∩ Uk,O
∗
X). An α-twisted oherent sheaf F is a pair ({Fi}i∈I , {ϕij}i,j∈I),
where Fi is a oherent sheaf on Ui and ϕij : Fj |Ui∩Uj → Fi|Ui∩Uj is an isomorphism suh that
ϕii = id, ϕji = ϕ
−1
ij and ϕij ◦ ϕjk ◦ ϕki = αijkid. Given α ∈ Br(X), we denote by Coh(X,α)
the abelian ategory of α-twisted oherent sheaves on X while Db(X,α) := Db(Coh(X,α)) is the
bounded derived ategory of Coh(X,α) (see [4℄ and [15℄ for details).
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If X and Y are smooth projetive varieties and α ∈ Br(X) while β ∈ Br(Y ), an equivalene
Φ : Db(X,α) → Db(Y, β) is a twisted Fourier-Mukai equivalene if and only if it there is an
isomorphism as in (2.1) whose kernel E is in Db(X × Y, α−1 ⊠ β) (see also [6℄).
As in [14℄, a twisted variety is a pair (X,α), where X is a smooth projetive variety and α ∈
Br(X). An isomorphism f : (X,α) → (Y, β) of the twisted varieties (X,α) and (Y, β) is an
isomorphism f : X → Y suh that f∗β = α.
4.2. Proof of Theorem 1.2. First of all, observe that, if X is either a K3 or an abelian surfae
and α ∈ Br(X), the lattie T (X,α) := ker(α) inherits from T (X) a weight-two Hodge struture.
Seondly, if ΘAi : Br(Ai) → Br(Km(Ai)) is the isomorphism in Lemma 4.1, the isometry πi∗ :
T (Ai)(2)→ T (Km(Ai)) dened in (4.1) yields a Hodge isometry
fi : T (Ai, α)(2) −→ T (Km(Ai),ΘAi(α)),
for any α ∈ Br(Ai) and i ∈ {1, 2}.
Proposition 4.7 in [12℄, originally proved for K3 surfaes, works perfetly in the ase of abelian
surfaes as well. Therefore if X is either a K3 or an abelian surfae, α ∈ Br(X) and B ∈ H2(X,Q)
is suh that α = κX(B), then there exists a Hodge isometry
exp(B) : T (X,α)(k) −→ T (X,B)(k)
γ 7−→ (γ,B ∧ γ),
(4.4)
for any k ∈ {1, 2}. Given Bi ∈ H
2(Ai,Q), let B˜i ∈ H
2(Km(Ai),Q) be suh that
ΘAi(κAi(Bi)) = κKm(Ai)(B˜i).
Dene α˜i := ΘAi(κAi(Bi)). If g : T (A1, B1)→ T (A2, B2) is a Hodge isometry, the diagram
T (A1, B1)(2)
g
//

exp(−B1) ))SS
SSS
SSS
SSS
SSS
T (A2, B2)(2)

exp(−B2)uukkk
kkk
kkk
kkk
kk
T (A1, κA1(B1))(2)
f1

// T (A2, κA2(B2))(2)
f2

T (Km(A1), α˜1) // T (Km(A2), α˜2)
T (Km(A1), B˜1)
f
//
exp( eB1)
55kkkkkkkkkkkkkk
T (Km(A2), B˜2)
exp( eB2)
iiSSSSSSSSSSSSSS
ommutes and yields a Hodge isometry f : T (Km(A1), B˜1) → T (Km(A2), B˜2). Conversely, sine
Θi is an isomorphism (Lemma 4.1), the same diagram and remarks show that any Hodge isometry
between the generalized transendental latties of Km(A1) and Km(A2) determined by some B˜i ∈
H2(Km(Ai),Q) indues a Hodge isometry of the generalized transendental latties of A1 and A2
orresponding to Bi ∈ H
2(Ai,Q) suh that
κAi(Bi) = Θ
−1
Ai
(κKm(Ai)(B˜i)) ∈ Br(Ai).
Sine the Piard number of Km(Ai) is greater than 11, the equivalene between item (i) and
item (ii) of Theorem 1.2 follows from [14, Thm. 0.4℄. Indeed suh a result proves that, for any
Bi ∈ H
2(Km(Ai),Q), there exists a twisted Fourier-Mukai equivalene
Db(Km(A1), κKm(A1)(B1))
∼= Db(Km(A2), κKm(A2)(B2))
if and only if there exists a Hodge isometry T (Km(A1), B1) ∼= T (Km(A2), B2).
Due to what we have just proved, any twisted Fourier-Mukai equivalene Db(Km(A1), α1) ∼=
Db(Km(A2), α2) indues a Hodge isometry T (Km(A1)) ⊗ Q ∼= T (Km(A2)) ⊗ Q whih yields a
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Hodge isometry T (A1)⊗Q ∼= T (A2)⊗Q. Consider the Kuga-Satake varieties KS(A1) and KS(A2)
assoiated to the weight-two Hodge strutures on T (A1)⊗Q and T (A2)⊗Q (see Setion 4 in [18℄
for the denition). Theorem 4.3 and Lemma 4.4 in [18℄ show that, for any i ∈ {1, 2},
KS(Ai)× · · · ×KS(Ai)︸ ︷︷ ︸
2ρ(Ai) times
∼ Ai × · · · ×Ai︸ ︷︷ ︸
8 times
,
where ∼ denotes an isogeny of abelian varieties. By onstrution KS(A1) ∼ KS(A2) and then
A81 ∼ A
8
2. In partiular, A1 and A2 are isogenous and this onludes the proof of Theorem 1.2.
To shorten the notation and aording to [14℄, we introdue two equivalene relations:
Denition 4.2. Let (X1, α1) and (X2, α2) be twisted K3 or abelian surfaes.
(i) They are D-equivalent if there exists a twisted Fourier-Mukai equivalene
Φ : Db(X1, α1)→ D
b(X2, α2).
(ii) They are T -equivalent if there exist Bi ∈ H
2(Xi,Q) suh that αi = κAi(Bi) and a Hodge
isometry
ϕ : T (X1, B1)→ T (X2, B2).
We an now prove the following easy orollary of Theorem 1.2:
Corollary 4.3. (i) (Km(A1), 1) is D-equivalent to (Km(A2), 1) if and only if (A1, 1) and (A2, 1)
are T-equivalent.
(ii) If (A1, α1) and (A2, α2) are D-equivalent twisted abelian surfaes, then (Km(A1),ΘA1(α1))
and (Km(A2),ΘA2(α2)) are D-equivalent.
Proof. Due to the isomorphism in Lemma 4.1, (i) follows trivially from Theorem 1.2. The mahinery
in [14℄ applied to the ase of abelian surfaes shows that if (A1, α1) and (A2, α2) are D-equivalent,
then they are T-equivalent as well. Then use Theorem 1.2. 
Notie that part (i) of Corollary 4.3 is exatly the analogue of (B) in the introdution.
Remark 4.4. (i) Due to [14, Prop. 8.1℄, if αj ∈ Br(Km(Aj)) is non-trivial for any j ∈ {1, 2},
then the existene of an equivalene Db(Km(A1), α1) ∼= D
b(Km(A2), α2) does not imply that
Km(A1) ∼= Km(A2) (see also Example 4.3). This is one of the main dierenes with the untwisted
ase treated by Hosono, Lian, Oguiso and Yau in [11℄ (see (A) and (C) in the introdution).
(ii) As suggested by Corollary 4.3, we would expet (ii) in Theorem 1.2 to be equivalent to the
existene of a twisted Fourier-Mukai equivalene Db(A1, β1) ∼= D
b(A2, β2), where βi ∈ Br(Ai). This
would lead to a twisted version of (A). Atually this is not the ase. Indeed, sine the period map
is surjetive for abelian surfaes ([28℄), one an produe a ounterexample to this expetation by
adapting Example 4.11 in [14℄.
(iii) Let A1 and A2 be two abelian surfaes with NS(A1) = 〈H1〉 and NS(A2) = 〈H2〉. If there
exist α1 ∈ Br(Km(A1)) and α2 ∈ Br(Km(A2)) suh that D
b(Km(A1), α1) ∼= D
b(Km(A2), α2) then
H21/H
2
2 is a square in Q. Indeed, by Theorem 1.2 (and by [14, Set. 7℄), if D
b(Km(A1), α1) ∼=
Db(Km(A2), α2) then there exists an isogeny ϕ : A1 → A2 induing a Hodge isometry ϕ
∗ :
H2(A2,Q)→ H
2(A1,Q) suh that ϕ
∗(H2) = qH1, for some q ∈ Q. In partiular H
2
2 = q
2H21 .
4.3. An expliit example. In this example, we use Theorem 1.2 to establish a onnetion between
the twisted derived ategories of some nie Kummer surfaes with Piard number 2. Reall that
the latties U and U(n) are the free abelian group Z⊕ Z endowed respetively with the quadrati
forms represented by the matries(
0 1
1 0
)
and
(
0 n
n 0
)
.
DERIVED CATEGORIES AND KUMMER VARIETIES 11
Let A be an abelian surfae suh that NS(A) ∼= U(n), for some positive integer n. We rst show
that there exist two ellipti urves E and F and a subgroup Cn ∼= Z/nZ of E ×F suh that either
A ∼= (E × F )/Cn or Â ∼= (E × F )/Cn.
To see this, let us rst observe that, sine NS(A) ∼= U(n), the transendental lattie T (A) is
isometri to U(n)⊕U . Indeed for any abelian surfae A, H2(A,Z), endowed with the up-produt,
is isometri to the lattie U ⊕ U ⊕ U (see [17℄ for more details).
We hoose a basis 〈e1, e2, f1, f2〉 = U ⊕ U(n) →֒ U
3
, an isometry ϕ : H2(A,Z) → U3 and c ∈ C
suh that
ϕ(cσA) = e1 − nω1ω2e2 + ω1f1 + ω2f2,(4.5)
where H2,0(A) = 〈σA〉. We dene in C the latties Γ1 = Z+ω1Z and Γ2 = Z+ω2Z and the ellipti
urves E := C/Γ1 and F := C/Γ2. Notie that, sine T (A) ∼= U(n)⊕ U and σ
2
A = 0, the numbers
1, ω1, ω2 and ω1ω2 are linearly independent over Q. So, in partiular, E and F are not isogenous.
If H1(E × F,Z) = 〈γ1, γ2, δ1, δ2〉, then we onsider the subgroup Cn of E × F suh that
H1((E × F )/Cn,Z) =
〈
γ1 + δ1
n
, γ2, δ1, δ2
〉
.
Let S := (E × F )/Cn. In terms of the dual bases of the bases of H1(E × F,Z) and H1(S,Z) just
desribed, we write H1(S,Z) = 〈dz1,dz2,dw1,dw2〉 and H
1(E × F,Z) = 〈dx1,dx2,dy1,dy2〉. If
π : E × F → S is the natural surjetion, the map θ := π∗ : H1(S,Z)→ H1(E × F,Z) is suh that:
θ(dz1) = ndx1,
θ(dz2) = dx2,
θ(dw1) = −dx1 + dy1,
θ(dw2) = dy2.
(4.6)
Observe that NS(E × F ) = 〈dx1 ∧ dx2,dy1 ∧ dy2〉. Furthermore, due to the properties in (4.6)
whih haraterize the morphism
2
∧ θ : H2(S,Z) → H2(E × F,Z) and due to the fat that
2
∧ θ
preserves the Hodge strutures on H2(S,Z) and H2(E × F,Z),
NS(S) = 〈dz1 ∧ dz2, ndw1 ∧ dw2 + dz1 ∧ dw2〉,
T (S) = 〈dz1 ∧ dw1,dz2 ∧ dw2,dz1 ∧ dw2,−ndw1 ∧ dz2 + dz1 ∧ dw2〉.
In partiular, NS(S) ∼= U(n) and T (S) ∼= U ⊕ U(n).
Consider the two ohomology lasses
σE×F = dx1 ∧ dy1 + ω2dx1 ∧ dy2 + ω1dx2 ∧ dy1 + ω1ω2dx2 ∧ dy2;
σS = dz1 ∧ dw1 + ω2dz1 ∧ dw2 + ω1(ndw1 ∧ dz2 − dz1 ∧ dw2) + nω1ω2dz2 ∧ dw2.
Obviously, σE×F ∈ T (E × F )⊗ C and σS ∈ T (S)⊗C. Sine 〈σE×F 〉 = H
2,0(E × F ) and sine an
easy alulation shows that
2
∧ θ(σS) = nσE×F , 〈σS〉 = H
2,0(S). This implies that, due to (4.5),
there exists an isometry η : H2(S,Z) → U3 suh that η−1 ◦ ϕ : H2(A,Z) → H2(S,Z) is a Hodge
isometry (see [28℄). The Torelli Theorem for abelian surfaes shows that either A ∼= (E × F )/Cn
or Â ∼= (E × F )/Cn.
Observe that, sine NS(A) ∼= U(n), the abelian surfae A is prinipally polarized if and only if
n = 1. This means that, if n 6= 1, (E × F )/Cn and its dual are not isomorphi. Furthermore,
A and E × F are isogenous but T (A) 6∼= T (E × F ). Therefore, due to Theorem 2.2, Db(A) 6∼=
Db(E × F ). This proves that there are isogenous abelian surfaes whose derived ategories of
(untwisted) oherent sheaves are not equivalent (see Remark 3.4).
Choose the standard basis {g1, g2, k1, k2} for U⊕U . Due to the expliit desription of T (A) that
we have previously given, it is straightforward to see that there exists an inlusion i1 : T (A)→ U⊕U
where i1(ej) = gj (j ∈ {1, 2}), i1(f1) = nk1 and i1(f2) = nk2. Let σ := i(σA) ∈ U
2 ⊗ C. Due to
(4.5), we an write σ = g1 − nω1ω2g2 + nω1h1 + ω2h2.
Consider in C the lattie Γ3 = Z + nω1Z and the ellipti urve E1 := C/Γ3. Of ourse, E and
E1 are isogenous. Reasoning as before and using the surjetivity of the period map and the Torelli
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Theorem for abelian surfaes ([28℄), we get an isometry ϕ1 : T (E1×F )→ U
2
tting in the following
ommutative diagram:
0
  B
BB
BB
BB
BB
T (E1 × F )
ϕ1

α
%%L
LL
LL
LL
LL
L
0
T (A)
i1
&&LL
LL
LL
LL
LL
i
99rrrrrrrrrr
Z/nZ
""D
DD
DD
DD
D
=={{{{{{{{{
0
=={{{{{{{{
U ⊕ U
α1
88rrrrrrrrrr
0.
Of ourse, i preserves the Hodge strutures and α ∈ Br(E1 × F ). Proposition 4.7 in [12℄ yields
B ∈ H2(E × F,Q) suh that (A, 1) and (E × F, κE×F (B)) are T-equivalent. By Theorem 1.2,
there exist β ∈ Br(Km(E1×F )) of order n and a twisted Fourier-Mukai equivalene D
b(Km(A)) ∼=
Db(Km(E1 × F ), β).
4.4. The number of twisted Kummer strutures. As an easy orollary of Lemma 4.1, we get
a surjetive map
Ψ : {Twisted abelian surfaes}/isom −→ {Twisted Kummer surfaes}/isom
whih sends the isomorphism lass [(A,α)] to the isomorphism lass [(Km(A),ΘA(α))]. The main
result in [11℄ proves that the preimage of [(Km(A), 1)] is nite, for any abelian surfae A and
1 ∈ Br(A) the trivial lass (see [11, Thm. 0.1℄). On the other hand [11℄ shows that the ardinality
of the preimages of Ψ an be arbitrarily large. This answered an old question by Shioda. Namely,
there an be many non-isomorphi (untwisted) abelian surfaes giving rise to isomorphi (untwisted)
Kummer surfaes (a partial result in this diretion is also ontained in [10℄). This is usually
rephrased saying that on a K3 surfae one an put many non-isomorphi (untwisted) Kummer
strutures.
Using Theorem 1.2, the piture in [11℄ an be ompletely generalized to the twisted ase.
Proposition 4.5. (i) For any twisted Kummer surfae (Km(A), α), the preimage Ψ−1([(Km(A), α)])
is nite.
(ii) For positive integers N and n, there exists a twisted Kummer surfae (Km(A), α) with α of
order n in Br(Km(A)) and suh that |Ψ−1([(Km(A), α)])| ≥ N .
Proof. Suppose that Ψ([(A1, α1)]) = Ψ([(A2, α2)]) = [(Km(A), α)], i.e. suppose that there exists an
isomorphism f : Km(A)
∼
−→ Km(Ai) suh that f
∗ΘAi(αi) = α. In partiular,
Db(Km(A1),ΘA1(α1))
∼= Db(Km(A2),ΘA2(α2)).
Due to Theorem 1.2, the proof of (i) amounts to show that, up to isomorphisms, there are nitely
many T-equivalent twisted abelian surfaes (A′, β) suh that Ψ([(A′, β)]) = [(Km(A), α)]. Sine, up
to isomorphisms, there are just nitely many abelian surfaes A′ with Db(A′) ∼= Db(A) ([3, Prop.
5.3℄), we an just x A′ with suh a property and show that, up to isomorphisms, there exists a
nite number of β′ ∈ Br(A′) suh that (A′, β) and (A′, β′) are T-equivalent. But this is the ontent
of [14, Prop. 3.4℄ for the ase of abelian surfaes.
Applying the results in [24℄ and [29℄ to abelian surfaes, we see that, for any positive integer
N , there exist N non-isomorphi abelian surfaes A1, . . . , AN suh that D
b(Ai) ∼= D
b(Aj) (i, j ∈
{1, . . . , N}). Due to Theorem 2.2, for any i ∈ {2, . . . , N}, there is a Hodge isometry
gi : T (A1)→ T (Ai).
Take B1 ∈ T (A1) ⊗ Q suh that α1 := κA1(B1) and ΘA1(α1) are not trivial in Br(A1) and
Br(Km(A1)) respetively. We an also hoose α1 suh that the order ofΘA1(α1) is n in Br(Km(A1)).
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Then, for any i ∈ {2, . . . , N}, dene αi := κAi(gi(B1)). Obviously, (Ai, αi) and (Aj , αj) are T-
equivalent when i, j ∈ {1, . . . , N}. Theorem 1.2 immediately implies that (Km(Ai),ΘAi(αi)) and
(Km(Aj),ΘAj (αj)) are D-equivalent.
For any i ∈ {2, . . . , N}, the isometry gi indues a Hodge isometry fi : T (Km(A1))→ T (Km(Ai))
whih (due to [23, Thm. 1.14.4℄) extends to a Hodge isometry hi : H
2(Km(A1),Z)→ H
2(Km(Ai),Z).
The Torelli Theorem yields an isomorphism ϕi : Km(A1) → Km(Ai) suh that ϕ
∗
i (ΘAi(αi)) =
ΘA1(α1) (possibly hanging αi with α
−1
i ), for any i ∈ {2, . . . , N}. This onludes the proof of
(ii). 
In other words, Proposition 4.5 shows that on a twisted K3 surfae we an put just a nite number
of non-isomorphi twisted Kummer strutures. Nevertheless, suh a number an be arbitrarily large
even when the twist is non-trivial and has any possible order.
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